Subpixel techniques are commonly used to increase the spatial resolution in tracking tasks.
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The first step of all algorithms for the object location in a scene consists of target isolation from the background image, which allows obtaining a distinguishable "blob" object. This step is usually performed through binary thresholding, hard-clipping or edge extraction. Once the target is isolated, several techniques can be applied for subpixel location of the blob [4, 7, 8] . Among them, those based on centroid calculation seem to be the most accurate and reliable methods.
Unfortunately, the method is very sensitive to illumination conditions and its accuracy can be compromised in presence of noise and uneven or changing illumination [7] . Other methods based on image intensity, like those based on image correlation or template matching, may be affected of similar problems [9] . These drawbacks become more evident under the particular characteristics of image sequences obtained from fast cameras since acquisition at high frame rates needs of low exposition (typically few milliseconds), so captured images suffer from low contrast and high noise-level.
The methods based on the detection and fitting of a contour are a reliable and robust alternative for object tracking. Their performance may not be as good as centroid-based techniques when dealing with static images under ideal conditions. Nevertheless, for dynamic scenes or noncontrolled illumination, contour based methods are more robust since irregularities in the object shape can be detected and controlled through the mean squared error of the fitting. Additionally, they can provide information about the target geometry that may be interesting in case of shape changes.
Three dimensional object tracking adds an additional difficulty to the problem since targets may change not only their position but also their shape [12] . Therefore, limiting the object geometry and the movement degrees of freedom will facilitate the tracking task. Furthermore, algorithms will be faster and easier to implement. We propose to use a planar object of known geometry and with restricted movements as target, so detection and movement tracking leads to straightforward algorithms. It consists of a high-contrast elliptical line. Its geometrical parameters can be used to determine both the target position and orientation. Although the imposed restrictions limit the applicability of the method, there still is a wide range of situations where it can be used. In our case, we are interested in fields as different as structural vibrations [11] or eye tracking [2] , where the object movement is clearly restricted.
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Numerical simulations presented in Section 3 prove that the methods and targets used permit increased resolution since the accuracy obtained can be better than 0.03 px for displacement tracking, 0.05º for in-plane rotations and 0.1 px for axes length change. The experimental results in Section 4 show that noise, reduced contrast and other factors decrease the accuracy to 0.2 px, 0.1º and 0.3 px, respectively. Tracking accuracy is in consonance with other authors' results [7] .
However, references for accuracy for tracking rotation and shape changes could not be found in the literature. Additionally, the method does not require of additional cameras or previous calibration of the imaging system [14] , which makes it fast and simple to implement.
Method
The proposed method is simple and it briefly consists of fitting the contour of a registered blob to a known mathematical expression. Therefore, it is necessary to select a target that provides a convenient contour line. Among all possible targets, the most appropriate are those preserving the topology at all possible movements [6] . The simplest one fulfilling this characteristic is an ellipse with general equation (1) By least squares fitting the blob contour to equation (1), we obtain several geometrical parameters of the ellipse, such as center , long and short axes , and orientation, 5
The center of the ellipse locates the object inside the image plane. Orientation of the ellipse informs about object rotations in the image plane, whereas the axis lengths may both be associated to real changes in the ellipse shape (deformations) or provide information about rotations around an axis contained in the image plane. This kind of movements will be seen as a change in the perspective and, consequently, in the apparent eccentricity. The movement of a solid object in the three-dimensional space can be decomposed in six basic movements: three shifts and three rotations around the coordinate axes. The geometrical parameters in equations (2-4) report on five of these six basic object movements: two shifts and three rotations around the coordinate axes (see figure 1) . The missing shift corresponds to 6 movements in the direction perpendicular to the image plane, which are not detectable unless they provoke a noticeable change in the object size.
The easiest case for object tracking happens when the target is attached to the object under study and a video sequence is registered. Therefore, contrast is good and the target is relatively free of noise. Nevertheless, round shapes are very common in natural scenes and thus, the method can be applied on specific details whose contour can be assumed to be elliptical. Notice that, in all cases, accurate focusing of the target is not indispensable since the unique requirement is a contour detection. The tracking is performed by fitting to (1) the contour from each frame of the sequence. All these parameters can be calculated with subpixel accuracy, which increases the nominal resolution of the sensor.
Numerical simulations
The accuracy of the method has been tested through several numerical simulations. The aim is to determine the sensitivity of the contour fitting to detect subpixel changes in the ellipse parameters in ideal conditions. Thus, we have calculated the response to center displacement, shape variation (axis length) and change in the orientation of the ellipse for different target sizes.
Several elliptical contours have been implemented on a discrete mesh through software and then least square fitted to (1) in order to obtain the parameters from eq. (2) to (4).
The first simulation concerns displacement tracking. Circular targets of diameters ranging from 4 to 400 px have been displaced one full pixel in 100 steps. We compare theoretical center positions with those computed through eq. (2) and obtain the error for each incremental sequence. In figure 2 , we represent the maximum error, the mean error and its standard deviation of the whole movement sequence for each target diameter.
Small sizes present the strongest error oscillations. This effect is due to the discrete nature of the target. In those cases, the target is strongly pixelated and it may change its shape with the displacement [14] . As the target gets larger, the discrete shape becomes more close to the 7 analytical case and the error decreases. For diameters larger than 100 px, the maximum error in position determination is below 0.05 px and it slowly decreases with the size, being even lower than 0.025 px for target sizes above 250 px. In figure 3 , we analyze the accuracy of the method in detecting changes in the ellipse shape. We have selected an ellipse with the vertical axis equal to 80 px and the horizontal one has been varied from 4 to 400 px. Now, we focus in the analysis of the sensitivity of the method to a full pixel change in the horizontal axis in steps of 0.01 px. As above, the maximum, mean and standard deviation of the axis estimated error has been evaluated.
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Figure 3. Accuracy of axis-size determination for several elliptic targets. The vertical axis has been fixed to 80 px while the horizontal one has been changed to different lengths. Lines represent the mean error in determining the axis size, the standard deviation and the maximum error.
We can appreciate that the determination of the axis length is not very accurate although subpixel accuracy is obtained. It is noticeable that the more eccentric the ellipse is, the better accuracy is obtained. We would like to point out that both the mean difference and the maximum error are relatively high, whereas the standard deviation is low and almost constant. This means that, although the absolute value of the parameter is not properly obtained, dispersion is really low, thus pointing to a zero-bias error.
Note that, in many applications, only relative changes are needed. In that case, the accuracy of the method is not determined by the maximum absolute error but by the dispersion of the measurement. Thus, we take three times the standard deviation of the error in order to determine the maximum error variation. In this case, this criterion leads to a precision of 0.15 px, although the error in the absolute determination of the axis length is above 0.3 px.
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A c c e p t e d M a n u s c r i p t 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 9 Finally, we have checked the capability of our proposal to track target orientations (in-plane rotations). We have taken the same set of targets from the previous test: ellipses with the vertical axis equal to 80 px and the horizontal ranging from 4 to 400 px (figure 4). Each ellipse is rotated 1º clockwise in 100 steps and the difference between the rotated angle and orientation angle detected through eq. (5) is calculated. Results show that we are able to detect rotations up to 0.025 degrees for very eccentric ellipses.
If we read the graph from right to left, we can see that, as the ellipse becomes more and more circular the error slowly increases. For ellipses whose eccentricity is below 0.75 (approximately between 50 and 120 px), the error increases very fast and fails for the exact circle (eccentricity equal to zero), since the orientation angle is not well defined for this case and the obtained angular value is not reliable. For axis lengths shorter than 50 px, the ellipse is too small and, as it happened in the circular target, the error presents a rough profile.
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A c c e p t e d M a n u s c r i p t 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 10 For the sake of completeness, we have evaluated the mean squared error (MSE) of all ellipse fittings, i.e. MSE of the distance between the real ellipses and the fitted ones. For ellipses whose major axis was above 120 px, the MSE resulted below px. In the case of the circle and the simulation of target location, the value was even lower than px for diameters larger than 160 px. In ideal tests like those here presented, the MSE does not provide important information; however, in real cases, sudden increases of this parameter may show a distortion in the shape, which maybe caused by errors in the target extraction from the scene. Low MSE guarantees the reliability of the process.
Experimental results
In order to check the real performance of our proposal, two experiments are proposed. In one case, the target is attached to a rotating plate (see figure 5a ). The position of the ellipse is eccentric, so it makes a compound movement consisting of a translation around plate center and a rotation around the ellipse center. The plate rotates at 18.12 arcsec/s. The camera was placed at 2 m from the target thus providing an ellipse image size of pixels and a resolution of 0.903 px/mm.
In the second case, the target is placed perpendicularly to the plate and rotates around its vertical meridian, thus changing its projected shape onto the image plane (Figure 5b ). In both cases, the sequences have been captured with an AOS X-PRI high-speed camera. The image processing is done off-line and frame-per-frame, being the calculation time of 10 ms per frame.
Figure 5. Targets used in the experiments. a) Ellipse rotates around the fixed central point thus making a movement of translation and rotation. b) Ellipse rotates around its vertical axis thus changing its shape due to the projection onto the image plane.
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The elliptical target contour must be extracted from the image in order to obtain the main geometrical parameters through equations (2-4). The general procedure is as follows: first the background is removed through a high aperture median filter and substracting the result to the original image. Then, the scene is binarized to a convenient level. Noise and blobs in the image are removed through morphological filters [16] until the target is clearly seen as a clear line.
Frame processing starts by manually selecting a seed-point inside the ellipse in the first frame.
From the gray values around this point, a threshold is calculated and the image is binarized. The line surrounding this seed point is detected and extracted through mathematical morphology boundary tracing [15] . These line points are fitted to equation (1), thus obtaining the ellipse parameters (eq. 2 to 4). The center of the each ellipse is used as the seed -point for the following frame so the remaining processing is automatic. Finally, the obtained values are fitted to their respective expected values. The experimental accuracy of the method is determined by three times the standard deviation of the fitting residuals.
The obtained mean and standard deviation value of all the ellipse fittings of a sequence is px. This error is one order of magnitude higher than the MSE obtained in the simulation for an equivalent ellipse and it is mainly due to the thickness of the ellipse line. In the numerical simulations, the targets were only one pixel wide while, here, the thickness depends on the threshold level. It has been checked that changing the threshold affects to the MSE but it does not significantly influence on the value of the obtained parameters, although it may increase the dispersion [17].
In figure 6 , we represent the coordinates of the ellipse center obtained through the full sequence.
In order to facilitate representation and direct comparison, we depict the difference from their mean value. According to the translation movement, the center coordinates follow a trajectory in the form where A corresponds to the rotation radius and is the angle where the ellipse centre should to be located, which can be easily 
Residuals were also calculated giving an average value of 0.000  0.039 degrees. Results show the reliability of the method in determining the orientation of the ellipse.
Just for completeness, we have calculated the major and minor axes. Since the target shape does not change throughout the experiment, we expect that those values are stable. The indetermination in the value of the semi-axis gives information about the subpixel accuracy in detecting the shape of the ellipse. Following (3), the fittings provides as mean values in pixels:
These results are in accordance with the shape of the ellipse on the image plane: px.
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Figure 8. Measured variation of the short axis with respect to the target orientation. Zero angle means that the target is perpendicular to the camera axis.
We have evaluated again the main geometrical parameters. Regarding the MSE of the ellipse in the interval [-20º, 20º ] is px. Although the data set is very noisy, this value tends to increase with the projection angle so that the MSE for the whole interval [-65º,65º] results to be px. In any case, these values are in concordance with those obtained in the previous experiment. Since the rotation occurs around the vertical axis, the evaluated long axis remained stable, with an average value of 68.5  0.1 px. Regarding the short axis depicted in figure 8 , and according to the image projection, it changes following a cosine law in the form:
A is the maximum size of the projection. Since the target rotates around the vertical meridian, this parameter will coincide with the circle diameter. is the rotation angle, which is given from the rotating speed and the time ,and thus, as previously, should be equal to one. 
The correlation coefficient for this fitting has been 1, while the mean residual and standard deviation is 0.00 0.09 px. Regarding the in-plane orientation angle of the ellipse plotted in figure 9 , the graph presents an erratic behavior around 0 degrees with the target at the frontal position, where it is circular
shaped. The problems in detecting the angle appear in the range [-30º,30º] , with values of eccentricity above 0.5. This result is worse than the one obtained in the numerical analysis (figure 3) and show a practical limit on the ellipse shape for target rotation detection.
By assuming that the obtained tracking error is assimilated to three times the standard deviation of the calculated residuals, the error is about one order of magnitude larger than that obtained in the equivalent numerical case: 0.2 px in position, 0.1º in orientation and 0.3 px for axis length determination. This may be a direct consequence of the MSE of the ellipse fitting: the more inaccurate the ellipse is calculated, the worse results are obtained. In any case, these error estimations are very conservative and can be further improved depending on the particular experimental implementation. Nevertheless, it results obvious for us that the proposed technique is able to accurately track ellipse movements in five degrees of freedom. Although some limitations have been pointed out, these can be easily overcome by a proper target design.
CONCLUSIONS
In this paper, we have presented a method for planar object tracking with high-speed video cameras. The use of contour-based methods avoids the influence of noise and irregular illumination on the target. Additionally, knowledge of target geometry allows comparison of the captured with the original shape target and infer its position in five degrees of freedom:
localization in the image plane and orientation in the three-dimensional space. Movements of the object along the camera axis are not detectable while the movement does not produce a change in the target size. In our particular case, the target has elliptical shape, since it is easy to recognize and track.
Different numerical tests have been performed in order to determine the accuracy of the method.
We have evaluated the sensitivity of the method in determining the center, orientation and axis lengths of the ellipse. Numerical results have been validated through two experiments that show the real performance of the method. In the first one, an ellipse is tracked while it rotates around a fixed point and around its own center. Both movements are detected and correctly described with subpixel accuracy. In the second experiment, we track the position of the ellipse as it rotates around an axis perpendicular to the camera optical axis.
Experiments show that we are able to increase the nominal resolution of the digital sensor in at least one order of magnitude. Notice also that no previous calibration of the imaging setup has
Page 18 of 20 A c c e p t e d M a n u s c r i p t 1  2  3  4  5  6  7  8  9  10  11  12  13  14  15  16  17  18  19  20  21  22  23  24  25  26  27  28  29  30  31  32  33  34  35  36  37  38  39  40  41  42  43  44  45  46  47  48  49  50  51  52  53  54  55  56  57  58  59  60  61  62  63  64  65 18 been done, since all detected changes are relative. If one is interested in obtaining absolute values of displacement/rotation, the real size of the target should be used in order to obtain the pixel to millimeter conversion. Apart of this conversion, and while the target shape is not optically distorted, no additional considerations are needed.
Regarding the potential applications of the technique, we are interested in applying the technique for tracking structural vibrations [11] where a planar target can be easily attached and the movements are, somehow, restricted. In those cases, target may receive direct daylight, which is unstable due to the presence of clouds, changing angle of the sun and uncontrolled presence of shadows. The use of contour based methods guarantees that the target can be tracked with independence of the illumination. Other found applications deal with detection of fast ocular movements [2] . In that case, the eye-pupil can be considered planar and its movement is restricted. Under infrared illumination, the pupil limits can be clearly established thus making possible the use of the method here presented.
